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Alternative Discrete-Time Operators: An Algorithm for
Optimal Selectionof Parameters

Andrew D. Back,Bill G. Horne,Ah ChungTsoi,C. LeeGiles

Abstract—In this note, we consider the issueof parameter sensitivity in
modelsbasedon alternative discrete time operators (ADTOs). A generic
first order ADTO is proposedwhich encompassesall the known first order
ADTOs intr oduced so far in the literatur e. New bounds on the operator
parametersarederived,andanewalgorithm isgivenfor optimally selecting
the parametersto giveminimum parameter senstivity.

Keywords— Digital filters, low sensitivity, delta operator, shift operator,
gammaoperator.

I . INTRODUCTION

An important aspectin the developmentof linear models,
arepracticalpropertiessuchasparameterconvergence,model
robustness,parametersensitivity, andparsimony in representa-
tions.

In this notewe considerthe problemof parametersensitiv-
ity which occurswhenusinga finite wordlengthrepresentation.
Supposewe have a hardwareimplementationusingtwo’scom-
plementarithmetic.Thenany realvaluednumber� canberep-

resentedin
�

bits as ������� �
	 �
�����
���� � � 	 � � � � ��� where �
is somescalingfactor, 	 � is thesignbit, and � is theerrorin the
representation[1]. Thequestionof interest,is whateffectdoes�
play in thepropertiesof agivenmodelfor somefinite

�
? When

fixed point arithmeticis used,the issueof quantizationof the
signalsandof themodelparametersneedsto beconsidered.

A variety of methodshave beenproposedto deal with the
problemof quantizationin linearsystems.It is well known that
for any linear filter transferfunction thereexist many possible
structuralrealizations,all of themrelatedthrougha similarity
transformation.Theproblemof determininganoptimalfilter re-
alizationwhich minimizesthe round-off noisehasbeensolved
by Mullis and Roberts[2]. Theile solved the problemof de-
terminingan optimal similarity transformationto reducepara-
metersensitivity [3, 4]. It hasbeenshown by Jackson[5] that
a low noisestructurecan also have low parametersensitivity
propertiesprovided certainconstraintsare met. Variousfilter
realizationswith low round-off noiseandlow parametersensi-
tivity have beenproposedin [6–8].

Anotherwidely usedapproachto producemodelswith low
parametersensitivity is the methodof shift operatorreplace-
ment. Suchoperatorshave becomeknown as alternativedis-
crete time operators. Alternative discretetime operators(AD-
TOs)havebeenproposedin variousformsfor improving thenu-
mericalperformanceof controlandsystemidentificationmod-
els,andfor digital filters[9–13]. A numberof ADTOshavebeen
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proposedin theliterature.Someof mostcommonexamplesare:
1. Delta operator: � ��� ���� where � is the samplingrate.

This operatorwasintroducedfor digital filters in [9] to replace
theshift operator. It hassincebeenshown to have betterperfor-
mancethanthe shift operatorin direct form digital filters [14]
andin otherapplications[10,15].

2. Gammaoperator: � � � �� � �"! #! , where $ is anadjustable
parameter. This operatorwasintroducedin [16] asan efficient
basisof convolutionalmemoryrepresentation.

3. Rhooperator: % � � �� � �"! & � #! ' � , where $ � ( $ ) areadjustable
parameters.This operatorwasintroducedin thecontext of ro-
bustadaptive control [12]. It is stablyinvertible, thusallowing
thederivationof robustestimationalgorithms.

4. Other structures: Bilinear transformoperatorswerepro-
posedindependentlyin [11,17], a secondorder � operatorwas
introducedin [18] anda numberof otherpossibilitiesaremen-
tionedin [10]. TheLaguerrefilter [13] alsogiveslow sensitivity
behaviour. TheKautzfilter [19] is anextensionof theLaguerre
filter, but allows for complex poles.

While theseoperatorshave beenof particularinterestin the
areaof high speedsampling[10,11,15] andprovide low para-
metersensitivity models,thereappearsto have beenlittle effort
given to determinethe optimal selectionof the operatorpara-
meters. One reasonfor this is that the most commonlyused
structureis the � operatorwhich hasno adjustableparameters.
Adaptive algorithmshave beenproposedfor the � operatorin
thecontext of minimizing meansquareoutputerror, but not for
producinglow sensitivity models.Otherwork performedin this
areahasbeendirectedtowardsfinding appropriatemodelpara-
meterswhich arebasedon ADTOs[11,15].

In thispaperweconsideragenericfirst orderADTO which is
describedin SectionII. Wegiveboundsontheoperatorparame-
tersandanalgorithmfor theoptimalselectionof parametersto
obtainminimumparametersensitivity in a linearfilter. A simple
numericalexampleis givento illustratetheeffectivenessof the
algorithm.Conclusionsaregivenin SectionIII.

I I . ANALYSIS AND SELECTION OF OPERATOR

PARAMETERS

A. A GenericFirst Order ADTO: the * operator

For thepurposesof thispaperwe will consideragenericfirst
orderoperatorgivenby * �,+ � $ �$ ) (1)

where $ � ( $ ) areconstants.Thegenericoperatormayrepresent
eachof thepreviously discussedtypes: � , � and % operatorsby
appropriatechoiceof the pararameters.The operatoris stable
for -/.10 $ � 0 .32 .

In this section, we will presentsome new resultson the
boundson $ � and $ ) and the optimal selectionof thesepara-
metersto obtain minimum parametersensitivity models. The
derivationof theseresultsis notdifficult, thoughthey giveprop-
ertiesof the * operatorwhich have not appearedpreviously in
theliterature1.4

Thelowerboundof 5 6 is a generalizationof theresultsderivedfor theshift
operatorwhich appearedin [11]. The resultson optimal parametersensitivity
arenew, asfar asweareaware.
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B. Boundson theSelectionof Operator Parameters

For a polynomial 798 : ;=<?>�@A BDC�E A : F A = : F @HG @A B�I 8 :KJ�L A ; ,
where L A is the M th root (ie. a zeroof the filter), with parame-
ter sensitivity N A O <PJ�Q R SQ T U , we seekanotherrational function798 V ;W<X>�@A BDC�E YA V"F A = VDF @HG @A B�I 8 V�J�L YA ; , L YA <ZR S F"[ \[ ] ; andN�YA O <3J Q R ^ SQ T ^U , suchthat N�YA O/_ N A O , `DM a b and 798 : ;
<?798 V ; .

Following a similar approachto the c operatorcase[10,11],
theparametersensitivity is foundasN ^A O < 8 L YA ; @ F OGed fB"A 8 L YA J�L Yd ;<hg O F Ii 8 L A J9g I ; @ F OG d fB"A 8 L A J�L d ; (2)

A lower boundon g i maybe foundasfollows. For polyno-
mials jW8 : ; = >�@A BDC E A : A and jW8 V"; = >�@A BDC E YA V A it canbeshown
that the parametersE O and E YO arerelatedby the following for-
mula: E YA <�g A i @k O B"A E Oml b M�n g O F AI (3)

Hence,it is clearthat if g iWo�p , then E Y@rqts as u becomes
large. Considerthe leadingcoefficient, E Y@ <,E @ g @ i . This term
vanishesas u becomeslargewhich impliesthatfor FWL imple-
mentationsof polynomials, thecoefficientsmayendup getting
truncatedto zeroif g i is toosmall.A lowerboundon g i is given
by g iwvyx FHz { | \ }~ (4)

where E is thewordlengthin bitsusedto representg i .
This lower boundcanbeusedto selecteithera minimum g i

valuefor a given numberof bits representation,or a minimum
wordlengthfor agiven g i value.Thereis notany practicalupper
boundon g i , sinceif ��� � A N�YA O 8 g I a g i ; occursfor b/< s , then g i
shouldbeaslargeaspossible.Notethatfrom theseconstraints,
theoperatorV will alwaysbea low passfilter.

C. OptimalOperator Sensitivity

Thenext questionwe seekto answer, is how to selectg I andg i to optimizethis improvementin sensitivity for a givenFWL
implementation2.

From (2) we know the sensitivity of the rootsof 798 V ; , is a
functionof thecoefficientsof thecorrespondingpolynomialing I a g i . Notethatthesensitivity N�YA O 8 g I a g i ; consistsof amatrixof
functions,onecorrespondingto eachroot andcoefficient. The
approachwe adopt,is to seekto find theoverall operatorpara-
metersg I a g i which will simultaneouslyminimizethelargestof
all of thesensitivitiesgivenby� <y��� �A � O,�� N YA O 8 g I a g i ; �� (5)

To minimize(5) with respectto g I , it is sufficient to simulta-
neouslyminimize themaximumof the partialsensitivity func-�

If infinite precisionwaspossible,we could improvethe sensitivity to some
arbitraryvalueby simplymaking � � assmallaswe like.

tions � A definedas� A 8 g I ;t<�� L A J9g I � @Ged fB"A � L A J9L d � M�< p a � � � a u (6)

To minimize themaximumof (6) over M=< p a � � � a u we proceed
asfollows. First, each� A is a simplefunctionconcave upwards
everywhere,andhasa uniqueminimumat g � I A <3�
� L A � , where�e� L � indicatestherealpartof L�� Since��� � A � A maybeformed
piecewise from various � A M=< p � � u , thenit is alsoconcave up-
wards. It follows that the requiredvalueof g � I which will min-
imize ��� � A � A mayoccurat oneof the g � I A , or wheretwo of the
functions,denotedby � A � and � O � , intersect. The requiredin-
tersectingcurves � A � and � O � arethosewhich define,piecewise,��� � A � A 8 g I ; , M�< p a � � � a u .

Themethodweuseto find thefunctions� A � and � O � is similar
to thatusedin convex hull algorithms[20]. Firstly we find the
minimumsof eachindividual � A M�< p a � � � a u , andtheintersection
of eachpossiblepair of functions.We thenperforma searchto
find themaximumvalueof the functionor functions(intersect-
ing case).We thenchooseg � I asthevaluewhich will minimize��� � A � A .
Theintersectionof � A � and � O � occurswhen� L A � J�g I � @Ged fB"A � � L A � J�L d � <�� L O � J�g I � @Ged fB O � � L O � J9L"d � (7)

Defining � O <Z� Ged fB O � L O J9L"d � � i � @ , we may rewrite (7) asa

quadraticequationin theunknown g I ,� Y g i I�� E Y g I � g Y < s a (8)

where� Y"< I� S � J I� U � , E Y"< i �D� R U � �� U � J i �D� R S � �� S � and g Y"<X� R S � � ]� S � J� R U � � ]� U � . Therootsof thisquadraticfunctionmaybereal,realand
repeated,or complex andgive theintersectionpoint.
If the roots of (8) are real and unique, then � A � and � O � will
intersectat two points.Oneof thosepointswill betherequired
minimum,correspondingto g � I (seeFig. 1(a)). If therootsof (8)
arerepeated,thenthecurvesintersectat only onepoint, givingg � I directly. If the rootsarecomplex, thecurves � A � and � O � do
not intersect(seeFig. 1(b)). In this case,the optimal g � I value
can be found simply at the minimum of ��� � 8 � A � a � O � ; . This
point canbeobtainedby taking thederivative of ��� � 8 � A � a � O � ;
with respectto g I . A simpletestfor suchcomplex rootsis thatL iA �
� L iO � o�x L A � L O � .

Themethodfor determiningthetruevaluesM � andb � is shown
in shown in TableI. Lackof spacedoesnotpermitadetailedde-
scription,however the procedureessentiallycomparessucces-
sive g � I valuesuntil convergenceto find themin-maxsolutionon
theconvex hull.

Oncewe have g � I , we thenproceedto find g �i . For any given
valueof g I , it is possibleto chooseg i suchthat N�YA O 8 g � I a g i ; is
a maximumfor either b�< s or b�<�u . Using (2), substitutingb/<?u , we have��� �A � N YA @ 8 g � I a g i ; � <hg @ F Ii ��� �A�� A (9)
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Fig. 1. (a) Intersectionof � �   and � ¡   for the casewherethe roots of the
quadraticequationarereal. (b) For the casewherethe rootsarecomplex,
thecurvesdonot intersect.

where¢ £
¤¦¥§K¨ ©ª « ¬ ­ « ® ­ ¨ ¬ andsimilarly substitutinḡm¤3° in (2)

we have, ±�² ³£µ´ ¶�·£ ¸ ¹ º » ¥ ¼ º ½ ¾ ´ ¤ º ® ¥½ ±�² ³£P¿ £ ¹ º » ¥ ¾ (10)

Note that (9) is an increasingfunction with º ½ , while (10) is a
decreasingfunctionwith º ½ . Since

±�² ³ £ ¢ £ and

±�² ³ £ ¿ £ ¹ º ¥ ¾ are
both positive reals, º »½ can be found at the intersectionof (9)
and(10)which minimizes

±�² ³ £ À
ÁÁ ¶ ·£ À ¹ º » ¥ ¼ º ½ ¾ ÁÁ . Henceº »½ canbe
foundby solvingfor theequalityof (9) and(10) to give

º ½ ¤ÃÂ ±�² ³ £ ¿ £ ¹ º ¥ ¾±�² ³ £ ¢ £ÅÄ ¥ Æ Ç (11)

Thealgorithmis summarizedin TableI. To illustratetheideas
containedin thepaperwe givea numericalexamplebelow.

Example:Selectionof parametersfor a linear FIR model

ConsideranFIR modelgivenby:È ¹ É ¾ ¤ËÊ Ì °HÍ�Î Ì Ï Ð É ® ¥DÑÓÒ Ô Ì Õ Ö Ð Ê É ® ½ Í Ô Ò Ì Ô Õ Ð Î É ®"×Í Ò Õ Ì Ê ° Ö Ê É ®"Ø Ñ Ï Ì Ô Ù Ö ° É ®DÚ (12)

The maximum parametersensitivity of each of this filter is
±�² ³ £ Û À ¶ £ Àe¤XÊ Ð Ò Ù . Themodel is implementedusingADTOs
andapplyingtheproposedalgorithm,we obtainparameterval-
ues º ¥ ¤PÊ Ì ° and º ½ ¤X° Ì Î ° Ï . The maximumparametersen-
sitivity now obtainedis

±�² ³ £ Û À ¶ ·£ À ¤ Ò Ê , an improvementof
morethan87 timesover theusualshift operatorcase.

To seethe effect this hason the actualperformanceof the
filter, we simulatethemodelswith 8 bit wordlength. It canbe
easilyobserved in Fig. 2 that the Ü ¹ É ¾ modelis subjectto sig-
nificant changesin the zero positionsdue to the FWL imple-
mentation.Thedifferencebetweenthetruezeros(shown as’o’)
andthezerosdueto coefficient rounding(shown as’*’) canbe
clearly seen.In Fig. 2(b) the performanceof the Ü ¹ Ý"¾ model
is shown. Here thereis no significantchangein the zeropo-
sitions due to coefficient rounding. From this example3, it is
evident that the Ý operatormodel exhibits significantly better
performancethantheshift operatormodel.Þ

Wehaveconductedanumberof experimentsusingdifferentmodelsandthey
show similarperformanceimprovements.

TABLE I

ALGORITHM FOR DETERM INING OPTIM AL ß OPERATOR PARAM ETERS.

For à ¹ É ¾ ¼ sort á £Dâ�¤1Ê Ì Ì Ì ã : ä
å á ¥ æKç3è è è ç ä
å á Ç"æ
let â » ¤1Ê ¼ ¯ » ¤?ã// Determinetrue â » , ¯ » to find optimal º » ¥ .do

for â�¤ Ò ¼ Ì Ì ¼ ã/Í�Êfunction º · ¥ £ = computec1 ¹ â ¼ ¯ » ¾
if ¿ £ ¹ º · ¥ £ ¾êé ¿ £   ¹ º » ¥ ¾â »/ë ¤�â fi

end
for ¯/¤?ãWÍÓÊ ¼ Ì Ì ¼ Òfunction º · ¥ À = computec1¹ â » ¼ ¯ ¾

if ¿ À ¹ º · ¥ À ¾
é ¿ £   ¹ º » ¥ ¾¯ »/ë ¤�¯ fi
end

until convergenceof º » ¥if º » ¥ > 1.0 then º » ¥ = 1.0º »½ ¤Xì í
î ï « ð « ñ ò ó ôí
î ï õ ö õø÷ ¥ Æ Ç .
function computeº ¥ ¹ â ¼ ¯ ¾
// For any ¿ £ and ¿ À ¼ find themin-maxsolutionpoint º ¥ :.

if á ½£ Ñ á ½À ç Ò á £ á À
// Testfor nonintersecting¿ £ and ¿ À .

// Rootsof (8) arecomplex.
For any º ¥ , find ù â�¤ ² ú û
±�² ³ £ ü"£ Û À ¿ £ ¹ º ¥ ¾ .º ¥ ¤?ä
å á ý £ æ .

else
// Rootsof (8) arereal.
For â and ¯ , solve(8) for º ¥ .

fi
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Fig. 2. Exampleresultsshowing thezeropositionsfor: (a) þmÿ � �
and(b) þmÿ ß �

,
due to coefficient roundingusing an 8 bit wordlength. In eachcasethe
true zerosareshown as circlesand the perturbedzerosdueto coefficient
roundingareshown usingthe* symbol.Thelower parametersensitivity of
the ß operatormodelgivessignificantlyreducedchangein thezeroswhen
thecoefficientsarerounded.

I I I . CONCLUSIONS

In this paperwe briefly reviewed a numberof discretetime
operatorswhich maybeusedin placeof theusualshift operator
in digital filters. Theseoperatorsprovidea meansof giving sig-
nificantly improvedperformanceunderconditionsof parameter
perturbation.As a meansof dealingwith the variousADTOs,
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we considereda genericfirst orderoperator, termedthe � oper-
ator. We derivedanalgorithmfor choosingoptimalparameters
in termsof reducingthemaximumparametersensivity. Theef-
fective performanceof thealgorithmhasbeenshown in experi-
ments,andwe show a typical resultin thispaper.

It is apparentthat alternative discrete-timeoperatorsoffer a
usefulapproachfor deriving low sensitivity linearmodelswhich
cangive significantlyimprovednumericalaccuracy whencom-
paredwith conventionalshift operatorstructures.
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