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Alter native Discrete-Time Operators: An Algorithm for
Optimal Selectionof Parameters

Andrew D. Back,Bill G.Horne,Ah ChungTsoi,C. LeeGiles

Abstract—In this note, we consider the issueof parameter sensitivity in
modelsbasedon alternative discrete time operators (ADTOs). A generic
first order ADTO is proposedwhich encompasseall the known first order
ADT Os introduced so far in the literatur e. New bounds on the operator
parametersarederived,and anewalgorithm is givenfor optimally selecting
the parametersto give minimum parameter senstivity.

Keywords— Digital filters, low sensitivity, delta operator, shift operator,
gammaoperator.

I. INTRODUCTION

An importantaspectin the developmentof linear models,
are practicalpropertiessuchas parameterconvergence,model
robustnessparametesensitvity, and parsimory in representa-
tions.

In this note we considerthe problemof parameteisensiti/-
ity which occurswhenusinga finite wordlengthrepresentation.
Supposeve have a hardwardmplementatiorusingtwo’s com-
plementarithmetic. Thenary realvaluednumbera canberep-
resentedn B bitsasa = k (—bo + 0 bZ»Qi) + e wherek
is somescalingfactor, b, is thesignbit, ande is theerrorin the
representatiofil]. Thequestiorof interestjs whateffectdoese
playin thepropertief agivenmodelfor somefinite B? When
fixed point arithmeticis used,the issueof quantizationof the
signalsandof themodelparametersieedgo be considered.

A variety of methodshave beenproposedto deal with the
problemof quantizatiorin linearsystemslt is well known that
for ary linearfilter transferfunction thereexist mary possible
structuralrealizationsall of themrelatedthrougha similarity
transformationTheproblemof determininganoptimalfilter re-
alizationwhich minimizesthe round-of noisehasbeensolved
by Mullis and Roberts[2]. Theile solved the problemof de-
termining an optimal similarity transformationto reducepara-
metersensitvity [3, 4]. It hasbeenshovn by Jacksor5] that
a low noise structurecan also have low parametersensitvity
propertiesprovided certain constraintsare met. Variousfilter
realizationswith low round-of noiseandlow parametesensi-
tivity have beenproposedn [6-8].

Anotherwidely usedapproachto producemodelswith low
parametersensitvity is the methodof shift operatorreplace-
ment. Suchoperatorshave becomeknown as alternativedis-
cretetime opeiators. Alternative discretetime operatorg AD-
TOs)have beenproposedn variousformsfor improving thenu-
merical performanceof control and systemidentificationmod-
els,andfor digital filters[9—13]. A numberof ADTOshave been
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proposedn theliterature.Someof mostcommonexamplesare:

1. Delta opemtor: § = % whereA is the samplingrate.
This operatoiwasintroducedfor digital filtersin [9] to replace
the shift operator It hassincebeenshownn to have betterperfor
mancethanthe shift operatorin directform digital filters [14]
andin otherapplicationd10,15].

2. Gammaopeftor: v = ﬂi;cl wherec is anadjustable
parameter This operatorwasintroducedin [16] asan efficient
basisof corvolutionalmemoryrepresentation.

3. Rhoopentor: p = ﬂ%l, wherec;, c; areadjustable
parametersThis operatorwasintroducedin the contet of ro-
bustadaptve control[12]. It is stablyinvertible, thusallowing
the derivationof robustestimationalgorithms.

4. Other structues: Bilinear transformoperatorswvere pro-
posedindependentlyn [11,17], a secondordery operatorwas
introducedin [18] anda numberof otherpossibilitiesaremen-
tionedin [10]. TheLaguerrdfilter [13] alsogiveslow sensitvity
behaiour. The Kautzfilter [19] is anextensionof the Laguerre
filter, but allows for complex poles.

While theseoperatorshave beenof particularinterestin the
areaof high speedsampling[10,11,15] andprovide low para-
metersensitvity models thereappeardo have beenlittle effort
givento determinethe optimal selectionof the operatorpara-
meters. One reasonfor this is that the most commonlyused
structureis the § operatorwhich hasno adjustablegparameters.
Adaptive algorithmshave beenproposedor the v operatorin
the context of minimizing meansquareoutputerror, but not for
producinglow sensitvity models.Otherwork performedn this
areahasbeendirectedtowardsfinding appropriatemodelpara-
meterswhich arebasecon ADTOs[11,15].

In this papemwe consideragenericfirst orderADTO whichis
describedn Sectionll. We give boundsontheoperatoparame-
tersandanalgorithmfor the optimal selectionof parameterso
obtainminimumparametesensitvity in alinearfilter. A simple
numericalexampleis givento illustratethe effectivenesof the
algorithm. Conclusionsaregivenin Sectionlll.

II. ANALYSIS AND SELECTION OF OPERATOR
PARAMETERS
A. A GenericFirst Order ADTO: ther opeiator

For thepurpose®f this paperwe will consideragenericfirst
orderoperatormgivenby

Z — C1

1)

wherec;, ¢, areconstantsThe genericoperatormay represent
eachof the previously discussedypes:d, v andp operatorsdy
appropriatechoiceof the pararametersThe operatoris stable
for0 < |ei| < 1.

In this section, we will presentsome new resultson the
boundson ¢; and¢; andthe optimal selectionof thesepara-
metersto obtain minimum parametersensitvity models. The
derivationof theseresultsis not difficult, thoughthey give prop-
ertiesof the v operatorwhich have not appearedreviously in
theliterature.

I Thelower boundof ¢; is a generalizatiorof the resultsderivedfor the shift

operatorwhich appearedn [11]. The resultson optimal parametesensitvity
arenew, asfar aswe areaware.

V=
C2
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B. Boundsonthe Selectiorof Opeiator Parameters

Forapolynomial H (z) = > bzt = 27" [T, (2 — \),
where ); is the ith root (ie a zeroof thefilter), with parame-

ter sensitvity S;; = ab’, we seekanotherrational function
) = iy = v [T = 1), X = 252 and
Sty = 66;’ , suchthat.s}; < S;;, Vi, j andH (z) = H(I/).

Following a similar approacho thed operatorcase[10,11],
the parametesensitvity is foundas

, s
S = 77
N Hk;ﬁi(/\;' — )
o i)
B Cjz Hk;ﬁi(/\i = Ar) @

A lower boundon ¢, may be found asfollows. For polyno-
mials B(z) =31, biz* andB(v) =3_"_, bjv' it canbeshavn
thatthe parameter$; andb’; arerelatedby the following for-

mula:
i J -
bQZCQij< ’ )cf
J=t

Hence,it is clearthatif ¢» < 1, thenb], — 0 asn becomes
large. Considerthe leadingcoeficient, b/, = b,cj. Thisterm
vanishesasn becomesargewhichimpliesthatfor FWL imple-
mentationf polynomials the coeficientsmay endup getting
truncatedo zeroif ¢» istoosmall. A lowerboundones is given

by

3)

e > 2w (4)
whereb is thewordlengthin bits usedto represent:.

This lower boundcanbe usedto selecteithera minimum ¢,
valuefor a given numberof bits representationgr a minimum
wordlengthfor agivenec, value.Thereis notary practicalupper
boundon cs, sinceif max; S7;(c1, c2) occursfor j = 0, thene;
shouldbe aslargeaspossible Notethatfrom theseconstraints,
theoperators will alwaysbea low passfilter.

C. OptimalOpemator Sensitivity

Thenext questionwe seekto answeyis how to selecte; and
- to optimizethis improvementin sensitvity for a given FWL
implementatioR.

From (2) we know the sensitvity of therootsof H(v), is a
function of the coeficientsof the correspondingpolynomialin
c1, ca. Notethatthesensitvity S;; (c1, c2) consistof amatrixof
functions,one correspondingo eachroot andcoeficient. The
approachwe adopt,is to seekto find the overall operatormpara-
metersey , es whichwill simultaneouslyninimizethelargestof
all of the sensitvities givenby

E

(5)

H}%X |S£j (e1, cz)|
To minimize (5) with respecto ¢, it is sufficient to simulta-
neouslyminimize the maximumof the partial sensitvity func-

2If infinite precisionwas possible we could improvethe sensitvity to some
arbitraryvalueby simply makingc, assmallaswe like.
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tions f; definedas

fi(cl) |/\z - Cl|” | 1=1,...,n (6)

[igzi 1A = An

To minimize the maximumof (6) overi = 1, ..., n we proceed
asfollows. First, eachf; is a simplefunction concae upwards
everywhereandhasa uniqueminimumatc¢;; = R{A;}, where
% {A} indicategherealpartof A. Sincemax; f; maybeformed
piecavise from variousf; ¢ = 1..n, thenit is alsoconcae up-
wards. It followsthatthe requiredvalueof ¢ which will min-
imize max; f; mayoccuratoneof the¢;;, or wheretwo of the
functions,denotedby f;- and f;«, intersect. The requiredin-
tersectingcurves f;+ andf;- arethosewhich define piecevise,
max; fi(c1),1=1,..,n

Themethodwe useto find thefunctionsy;. andf;- is similar
to thatusedin corvex hull algorithms[20]. Firstly we find the
minimumf eachindividual f; i = 1, ..., n, andtheintersection
of eachpossiblepair of functions. We thenperforma searchto
find the maximurnmvalue of the function or functions(intersect-
ing case).We thenchooser} asthevaluewhichwill minimize
max; f;.
Theintersectiorof f;» andf;- occurswhen

|Aiv — 1"
[rzie [Aie = Al

|Aje — Cl|n
Hk#]

(7)

— Al

2/n
Definingd; = |l 1A — Axl , we may rewrite (7) asa
guadraticequationin theunknown ¢y,

acd+be+¢ =0, (8)
Wherea’ =L -Ly= 7Z%§ij*} 22} ande’ = Rl *'
|>\ .

. Therootsof this quadratidunctionmaybereal,realand
repeatedor comple andgive theintersectiorpoint.

If the roots of (8) arereal and unique, then f;« and f;- will
intersectat two points. Oneof thosepointswill betherequired
minimum,correspondingo ¢} (seeFig. 1(a)). If therootsof (8)
arerepeatedthenthe curvesintersectat only onepoint, giving
¢} directly. If therootsarecomple, the curves f;« and f;+ do
not intersect(seéig. 1(b)). In this case,the optimal ¢} value
can be found simply at the minimum of max(f;+, f;+). This
point canbe obtainedby taking the derivative of max( fi«, f;+)
with respecto ¢;. A simpletestfor suchcomplex rootsis that
Al AL <20\

Themethodfor determininghetruevaluesi* and;* is shavn
in shavn in Tablel. Lack of spacedoesnot permita detailedde-
scription, however the procedureessentiallycomparessucces-
sive ¢7 valuesuntil convergenceto find themin-maxsolutionon
the corvex hull.

Oncewe have ¢}, we thenproceedo find ¢;. For ary given
valueof ¢y, it is possibleto choosec, suchthat Sj;(c7, c2) is
a maximumfor eitherj = 0 or j = n. Using(2), substituting
j = n,wehave
= cg_

max|Si, (c], e2)| " max g; 9)
i i
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Fig. 1. (a) Intersectionof f;»= and f;+ for the casewherethe roots of the

quadraticequationarereal. (b) For the casewherethe rootsarecomplex,
thecurvesdonotintersect.

whereg;
we have,

= m andsimilarly substitutingj = 0 in (2)

(10)

max|Sip(ef )| = gl max i (ef)

Note that (9) is anincreasingfunction with ¢;, while (10) is a
decreasingunctionwith ¢;. Sincemax; g; andmax; f; (c1) are
both positive reals, ¢; can be found at the intersectionof (9)
and(10) which minimizesmax;; | S};(c}, c2)|. Hencec; canbe
foundby solvingfor the equalityof (9) and(10) to give

(11)

max; ¢;

[maxz' fi(cl):| Hn
co = e
Thealgorithmis summarizedn Tablel. To illustratetheideas

containedn the papemwe give a numericalexamplebelow.

Example:Selectiorof parameterdor a linear FIR model

ConsideranFIR modelgivenby:

1.0 — 758271 +24.3681272 — 42.4387273
—23.106127* 4 5.49602° (12)

G(z) =

The maximum parametersensitvity of each of this filter is
max; ; S;; = 1829. Themodelis implementedusing ADTOs
andapplyingthe proposecdalgorithm,we obtainparametewal-
uesc; = 1.0 andes = 0.705. The maximumparametesen-
sitivity now obtainedis max; ; S;; = 21, animprovementof
morethan87 timesover the usualshift operatorcase.

To seethe effect this hason the actual performanceof the
filter, we simulatethe modelswith 8 bit wordlength. It canbe
easilyobsenredin Fig. 2 thatthe H (=) modelis subjectto sig-
nificant changesn the zero positionsdueto the FWL imple-
mentation.Thedifferencebetweerthetruezeros(shovn as'o’)
andthe zerosdueto coeficient rounding(shavn as'*’) canbe
clearly seen.In Fig. 2(b) the performanceof the 7 (») model
is shavn. Herethereis no significantchangein the zero po-
sitions due to coeficient rounding. From this examplé, it is
evident that the v operatormodel exhibits significantly better
performancehanthe shift operatormodel.

3We have conductedh numberof experimentsisingdifferentmodelsandthey
show similar performancémprovements.
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TABLE |
ALGORITHM FOR DETERMINING OPTIMAL v OPERATOR PARAMETERS.

For B(z), sorth; i = 1.n: R{A < - - < R{A,}
leti* =1, =n
// Determinetrue:*, j* tofind optimal ;.
do
fori=2,..n—-1
function ¢{, = computeci(s, j*)
if fi(chi) > fie (1)
* =i
end
forj=n—-1,..,2
function ¢} ; = computecl(:*, j)
it fi(ch;) > fie ()
g =g fi
end
until corvergenceof c;
if ¢ >1.0thenc} =1.0
= (mssten) ",

max; g;

function computee, (4, j)
Il Forary f; andf;, find themin-maxsolutionpointc; :.
if A7+ A7 < 20
Il Testfor nonintersecting’; andf;.
/I Rootsof (8) arecomplex.
Forary ¢y, findi = argmax;—; ; fi (c1).
c1 = %{A;}
else
/I Rootsof (8) arereal.
For ¢ andy, solve (8) for ¢;.
fi

-0.5 -0.5

() (b)

Fig. 2. Exampleresultsshaving thezeropositionsfor: (a) H (=) and(b) H (v),
dueto coeficient roundingusing an 8 bit wordlength. In eachcasethe
true zerosare shavn as circlesand the perturbedzerosdueto coeficient
roundingareshowvn usingthe* symbol. Thelower parametesensitvity of
the v operatormodelgivessignificantlyreducedchangen the zeroswhen
the coeficientsarerounded.

I1l. CONCLUSIONS

In this paperwe briefly reviewed a numberof discretetime
operatorsvhich maybeusedin placeof the usualshift operator
in digital filters. Theseoperatorgprovide a meansof giving sig-
nificantlyimproved performanceainderconditionsof parameter
perturbation.As a meansof dealingwith the variousADTOs,
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we considered genericfirst orderoperatoy termedthe v oper
ator. We derivedan algorithmfor choosingoptimal parameters
in termsof reducingthe maximumparametesensvity. Theef-
fective performancef the algorithmhasbeenshavn in experi-
ments,andwe shov atypical resultin this paper

It is apparenthat alternatve discrete-timeoperatorsoffer a
usefulapproacHor deriving low sensitvity linearmodelswhich
cangive significantlyimproved numericalaccurag whencom-
paredwith conventionalshift operatorstructures.

REFERENCES

[1] R.A.RobertsandC.T. Mullis, Digital SignalProcessingAddison-W\esley
1987.

[2] C.T. Mullis andR. A. Roberts, “Synthesisof minimum roundof fixed
pointdigital filters;” IEEE Trans. Circuits, Syst, pp.551-562,1976.

[3] L. Thiele, “Design of sensitvity and roundof noiseoptimal state-space
discretesystems, Int. J. Circuit TheoryAppl, vol. 12, pp. 39-46,1984.

[4] L. Thiele, “On thesensitvity of linear state-spaceystems, IEEE Trans.
Circuits, Syst, vol. CAS-33,pp. 502-510,1986.

[5] L.B. Jackson,Digital Filters and SignalProcessing Kluwer Academic
PublishersNorwell,MA, 1996.

[6] L.B.JacksonA.G. Lindgren,andY. Kin, “Optimal synthesisof second
orderstatespacestructuredor digital filters;’ |IEEE Trans.Circuits,Syst,
vol. CAS-26,n0.3, pp. 149-1531979.

[7] C.W Barnes, “Roundoff noiseandoverflow in normaldigital filtering,’
IEEE Trans. Circuits, Syst, vol. CAS-26,no. 3, pp. 154-159,1979.

[8] W.L.Mills, C.T.Mullis, andR. A. Roberts,‘Low roundof noiseandnor-
mal realizationsof fixed point IR digital filters; |IEEE Trans.Acoustics,
Speechand SignalProcessingvol. ASSP-29n0.4, pp.893,1981.

[9] R.C.AgarwalandC.S.Burrus, “New recursve digital filter structures
having very low sensitvity and roundof noise; |EEE Trans. Circuits,
Syst, vol. CAS-22,n0.12, pp.921-9271975.

[10] G.C.Goodwin,R.H.Middleton,andH.V. Poor, “High-speedligital signal
processin@ndcontrol; Proc.|EEE, vol. 80,no. 2, pp.240-259,1992.

[11] M. GeversandG.Li, Parameterizationin control, estimatiorandfiltering
problems:accuracyaspects SpringefVerlag,London,1993.

[12] M. Palaniswami,'Digital estimationandcontrolwith anew discretetime
operatof’ in Proc.30thIEEE Conf.DecisionandControl, New York, NY,
1991,|IEEE Presspp.1631-1632

[13] B. Wahlbeg, “Systemidentificationusinglaguerremodels; IEEE Trans.
Automat.Control, vol. 36, pp.551-562,1991.

[14] D. Williamson, “Delay replacemenin direct form structures, |EEE
Trans. Acoust.,SpeechSignal Processing vol. 34, no. 4, pp. 453-460,
Apr. 1988.

[15] H.FanandQ.Li, “A s-operatorrecursve gradientalgorithmfor adaptve
signalprocessing, in Proc. IEEE Int. Conf. Acoust.SpeechSignalProc.
IEEE Press,1993,vol. lll, pp.492-495.

[16] B.deVriesandJ.C.Principe,“A theoryfor neuralnetworkswith time de-
lays; in Advancesn Neural InformationProcessingSystemsR.P Lipp-
man,J.E.Moody, andD. S. Touretzky Eds.,SanMateo,CA, 1991,Mor-
ganKaufmannyol. 3, pp.162—-168.

[17] A.D.BackandA.C. Tsoi,“A comparisorof discrete-timeperatormodels
for nonlinearsystemidentification; in Advancesn Neural Information
ProcessingSystemsG. Tesauro,D. S. Touretzky and T. K. Leen, Eds.,
CambridgeMA, 1995, TheMIT Pressyol. 7, pp.883-890.

[18] T. Oliveirae Silva, PG. deOliveira,J.C.Principe,andB. de Vries, “Gen-
eralizedfeedforwardfilters with complexpoles; in Proc. of the 1992
IEEE WorkshopNeuralNetworksfor SignalProcessing (NNSP92)S.Y.
Kung, F. Fallside J. Aa. SorensonandC.A. Kamm, Eds.,PiscatawayNJ,
1992,|IEEE Presspp.503-510.

[19] P LindskogandB. Wahlbeg, “Application of Kautz modelsin system
identification’, in Proc. 12th Triennial World Congress IFAC, 1993, pp.
41-44.

[20] J.R.Smart,ModernGeometries Brooks/ColeNew York, 1998.



