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Abstract

Theproblemof inputvariableselectionis well knownin the
task of modelingreal world data. In this paper, we pro-
posea novelmodel-freealgorithmfor input variableselec-
tion usingindependentcomponentanalysisandhigheror-
der crossstatistics. Experimentalresultsare givenwhich
indicatethat the methodis capableof giving reliable per-
formanceand that it outperformsother approacheswhen
theinputsare dependent.

1 Introduction

In many realworld modelingproblems,for examplein the
context of biomedical,industrial,or environmentalsystems,
a problemcanoccurwhendevelopingmultivariatemodels
andthebestsetof inputsto usearenot known. Input vari-
able selection(IVS) is aimedat determiningwhich input
variablesarerequiredfor a model. The is taskis to deter-
minea setof inputswhich will leadto anoptimalmodelin
somesense.Problemswhich canoccurdueto poorselec-
tion of inputsincludethefollowing:� As the input dimensionalityincreases,the computa-

tional complexity and memory requirementsof the
modelincrease.� Learningis moredifficult with unrequiredinputs.� Misconvergenceandpoor modelaccuracy may result
from additionalunrequiredinputs.� Understandingcomplex models more difficult than
simplemodelswhich givecomparableresults.

Methodsof input variableselectioncan be categorized
into model-basedand model-free methods[1]. Model-
basedmethodstypically involve selectinga model,choos-
ing the inputsto use,optimizing the parameters,andthen
measuringsomecostfunction. Theinputsarechangedand
then the procedureis repeated. A test is usedto choose
which inputs to use basedon theseresults. Model-free

methodsarebasedon performinga statisticaltestbetween
the subsetsof input variable(s)andthe desiredoutput(s)
from themodel.

For � possibleinput variablesit is necessaryto testall
possible

� �����
subsetsof inputsin orderto determinethe

optimal subset[1]. Henceefficient algorithmsareof vital
importanceas are any methodswhich may overcomethe
scalingproblem. In the following sectionswe describean
algorithmfor selectinginput variableswhich offers some
advantagesover previousapproaches.

2 An ICA Input Variable Selection
Algorithm

2.1 Assumptions

The usualIVS problemcan be describedmathematically
asfollows. A system�
	 receivesinput from the variables�
� � �
��� ��� � � ��� � � � ��� � � � � andproducesanoutput � � � ���� � � �
� �
	 � �
� � � � (1)

It is assumedthesystem�
	 canbeapproximatedarbitrarily
well by a linear or nonlinearfunctionalmap. To estimate�
	 � measurements� � � � �!� " � � � ��� � � " � � � � � � aretakenwith
theassumptionthat �
� � �$# � � � � % (2)

The usualmodelbuilding approachis to apply an input
variableselectionprocedureto obtaina setof modelinputs� & � � �'# � � � � whereideally � & � � �(�)�
� � � . Hencea model
canbewrittenas *� � � �
� � � � & � � � + ,�� (3)

where� is a functionalmapparametrizedby ,-%
However, the assumptionsindicatedabove canbe quite

significantandit is likely thatthemeasuredmentstakenare
not a strict supersetof inputsto theactualsystem.We may
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observe datawhich hasbeenfiltered in somemanner, rel-
ative to the true inputs. Considera simplefiltering of the
measuredmultivariatedata:. /�021 3 4 5�687 (4)

where 5
1 9 4;:<5 6 1 9 4 and 021 3 4 is a multivariatefilter.
Eachmeasuredterm 3 = can be the result of the weighted
anddelayedsumof > ? @ A simplervariation to consideris
whenthefilters arefirst orderonly, giving.'/�0�5 6BA

(5)

wherein this case0 is asmixturematrix containingscalar
termsonly. Note that in this situation,theredoesnot exist
any subset. C 1 9 4(:�.�1 9 4 suchthat . C 1 9 4�/)5
1 9 4 A Clearly a
differentapproachis requiredor elseany input variablese-
lectionmethodwill fail by overestimatingthenumberof in-
putsrequired.Whatis requiredis analgorithmwhichwould
permitthereversetransformationbeforetheIVS procedure
is applied: 5 6 /EDF. (6)5G/IHJ5 6 (7)

where DK/�0ML-N is the inverseof the assumedmixture
matrix and H is a sparsematrix which selectsthe desired
subsetof inputsto the model. To go further with this ap-
proachrequireseithera priori knowledgeof 0 or someal-
gorithmto estimate0 andhenceD A

Recently, a family of mathematicaltechniquesknown as
independentcomponentanalysis(ICA) hasbeenshown to
giveexactly thesolutionto this typeof problemundersome
assumptions[2]. Theaim of ICA is to useanalgorithmap-
plied only to measuredmultivariatedataand,basedon the
assumptionof either temporalor spatial independenceof
the channels,estimatea demixing matrix to give outputs
which meetthe specifiedcriteria. A commonapproachis
to assumethe input channelsarestatisticallyindependent.
Then an algorithm basedon estimatingthe mutual infor-
mationbetweenthe inputspermitstheestimationof D to
give outputswhich are maximally independent.We con-
siderthis approachfurtherasa meansof providing an im-
provedmethodof input variableselection.

2.2 A Statistical Test

In thispaper, weproposeto useICA to maketheinputvari-
ablesasmutuallyindependentaspossible.Moroever, using
ICA allows us to derive model-freeIVS algorithmsbased
on statisticaldependencetests.In thefollowing sectionwe
examinetheuseof ICA in theproblemof inputvariablese-
lection. The basicstrategy we suggestis to apply ICA to
estimatetheindependentinputs O from 5 andthenderive a

statisticaltestto determinethedesiredsubsetof input vari-
ablesO C A

Oneapproachto determiningstatisticaldependenceis to
useof mutual information betweentwo signals > and P 7
givenby Q 1 >-R P 4
/�SUT-1 > 7 P 4 V W X T-1 > 7 P 4T-1 > 4 T-1 P 4 Y > Y P (8)

This is also known as the cross-entropyor the Kullback-
Leibler divergencebetweenthejoint pdf of 1 > 7 P 4 givenbyT-1 > 7 P 4 andtheproductof themarginal pdfs T-1 > 4 , T-1 P 4 . It
maybeimplementedby estimatingthepdfsin termsof the
cumulantsof thesignals1.

Sincewe only requirea relatively simplebinarydecision
to bemadeaboutthedependenceor otherwiseof signals,it
is not necessaryto computea precisevaluefor the mutual
information. Instead,thehigherordercrosscumulants2 of
multiple variablescanbeuseddirectly up to somesuitable
order, to determinethestatisticaldependenceof thesignals.

2.3 The ICAIVS Algorithm

The particular IVS test we proposeis basedon using all
possiblecrosscumulantsup to a specifiedorderamongthe
individualterms.Thisstatisticalmeasurecanbeusedto es-
tablishtheindependenceor otherwiseof non-Gaussiansig-
nals.ThesecumulantsaredefinedasZ([ \ 1 ] 4^/`_ a [ b \ 1 ] 4 7 A A A 7 a [ c \ 1 ] 4 d efZ([ g \ 1 ] 4^/ih a [ g b \ 1 ] 4 7 A A A 7 a [ g c \ 1 ] 4 j eZ([ b [ k \ 1 ] 4^/`_ a [ b [ k \ 1 ] 4 7 A A A 7 a [ b [ k \ 1 ] 4 d efZ [ g b [ g k \ 1 ] 4^/ h a [ g b [ g k \ 1 ] 4 7 A A A 7 a [ g b [ g k \ 1 ] 4 j efZ [ g b @ @ [ g c \ 1 ] 4^/ h a [ g b @ @ [ g c \ 1 ] 4 7 A A A 7 a [ g b @ @ [ g c \ 1 ] 4 j e
wherethe crosscumulantvectorsare betweenthe inputs> N 7 >�l 7 A A A 7 > m at time 9�n�] and the output P . For conve-
nience,we will usethe notation o$p 1 ] 4M/ o [ b @ @ @ [ q�\ 1 ] 4 .
Thereare two broadcasesthat can be consideredat this
point:

1. Modelswith only instantaneousinputs.In thiscasewe
use
Z p 1 r 4 A

1Note that althougha truncatedexpansionis often used,to approxi-
matethepdf exactlycouldrequireaninfinite numberof terms.Theusual
difficultiesof approximatingwith polynomialsapplyin this casealso[3].

2In contrastto the often quotedfirst order crosscumulantmeasures t b u u u t c v w x y z z z y w { | y of } variablesor the ~ th ordercumulantof asin-
gle variable.Sincewe areseekingto determinethestatisticaldependence
betweenvariablesnotjust thecorrelationbetweenvariables,it is necessary
to usehigherordercrosscumulants.
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2. Modelswith delayedinputs. Herewe test input vari-
able � � � � �
��� � �M����� � � � � � �-������� � � � � � � against
thesystemoutput � � � � , by examiningthepointsin the
cross-cumulantspacegivenby elementsof thevector�(� � � � .

Our aim is to combinevariouscumulantmeasurements
andtherebyapplya decisionfunctionto determinethe rel-
ative dependenceof eachinput subseton the model out-
put(s).To do this, it is usefulto normalize3 eachof thecu-
mulantsin orderto compareandcombinethemin areason-
ablemanner. Hence,we applythefollowing normalization
stepsto thecumulants:

1. Zeromeansignals: � �-��� ������� � � �
2. For cumulantsusing secondand higher even order

terms,normalizeas: ��� �� ����� �� ����� ��� �� � ... ���� � � � � � �
3. Bipolarizedata: � �-�^�  ¡ �   ¡
4. Renormalizeindividual cumulants. Assuming per-

fectly correlateddata,we may usethe normalization:�(¢� £ ¤ ¥ ¥ � � �
� � � � � � £ ¤ ¥ ¥ ¦ � � � � � � � ¥ ¥
Doingthesenormalizationswill allow usto combinevari-

ouscumulantestimatorsfor thedecisionfunction.A simple
testfor dependencecanbeobtainedasfollows.

For eachcross-cumulantstatistic,determinethe average
level of dependenceimplied by themagnitudeof thestatis-
tic. Compareeachinput in turn to this average.Theinputs
which aresignificantlydifferentfrom theaveragevalueare
candidatesfor inputsto the model. That is, for ICA trans-
formedinputs §� � �
��� � � � � �
� consideringthesubsetsof in-
puts, ¨© �ª� ��« � � � � � � � � ��« � � � ¬ � � � � � ��«�­ ­ ­ � � � ® where ¨© ¯ is
the ° th elementof ¨© � Henceweobtaintherule:±�² ³ ´ µ ¶ · ¸�¹»º¼ ½U¾À¿�Á Â Ã ² ³ ´ µ ¶ · ¸ Â ÄÅÇÆ ¿�Á Â Ã ´ µ ¶ · ¸ Â ÈÊÉ�Ë ² ³ ´ µ ¶ · ¸Ì

otherwise
(9)

ÍÎ�Ï ´ µ ¶ · ¸�¹ ºÐ¼ Ð½ ÍÎ ´ µ ¶ · ¸ÒÑ ±�² ³ ´ · ¸ Ó±�² ² ³ ´ · ¸ Ó±�² ² ³ ´ · ¸ Ô Ô Ô$Õ Á Ö × É ¾Ì
otherwise

(10)

where
� � £ ¯ � � � � � is the � th elementof

� � £ � � � � � at time�$��� and Ø � £ � � � � � is a thresholdvaluechosento suit the
level of precisionrequiredin determiningtheindependence
of thesignals,chosenfor eachsubset.Thevaluesof Ø � £ is
problemdependentandis chosenaccordingtohow thelevel
of dependencethatcanbetoleratedbetweenthemeasured
variables.

This rulemeansthatif any of thecrosscumulantsfor any
giveninput subsetareabove a setthresholdlevel, thatpar-
ticular input subsetis deemedto berequiredfor themodel.

3Forexample,correlationfunctionsnormalizedto amaximumvalueof
1 are independentof the actualmagnitudescalingof the input variables.
Similarly, wewouldlike tonormalizethecumulantssuchthatthecumulant
sliceswill not changeif theinputvariablesarescaledin asimilarmanner.

The testis appliedacrossall subsetsof inputs,however in
theequationsabove,only oneinput is actuallyshown.

2.4 Computational Complexity

For a crosscumulantbetween� variables,we needto test
for all ordersof cumulantsup to the secondpower, which
will be � Ù tests.For � input variables,this implies testing
all possiblesubsetsup to thesetof � variableswhich leads
to a totalnumberof testsgivenbyÚ ® � �Û � Ü-«'Ý � � Þ � � (11)�Iß � �Ç� (12)

While thetestscalespoorly, in practice,we maynotneed
to testall possiblecombinationsof inputsto establishcon-
clusively whethera variableis requiredor not. Low order
termscanbetestedinitially andthemhigherorders.

Remarks

1. PCA is often usedto selectinputs,but this is not al-
waysuseful,sincethevarianceof a signalis not nec-
essarilyrelatedto theimportanceof thevariable.The
featuresselectedmayhavenothingtodowith theprob-
lem.

2. In contrastto theuseof PCA for input variableselec-
tion [4, 5], the variableswe remove are thosewhich
areindependentof theoutput,which is quitedifferent
from removing thosewith low variance.

3. Spuriouscorrelationsor dependenciesmay exist be-
tween unrelatedvariablesand hencecould lead to
falselyincludedinputs,eg: generatedby coupledsys-
tems.

3 Simulation Examples

3.1 Example 1

In this example,we show the effect of usinghigherorder
crosscumulantsasameansof detectingdependenceamong
variables.Here15 mutually independentbinary iid signals
weregenerated.Threesignals,� � � ��à and ��á wereusedas
inputsto a systemwith output � . The nonlinearmodel is
describedby �'��� ¬ �
â;ã ä å � ��à � â � � ß å æ ç � ��á � (13)

Weassumethatthemeasureddatahasbeenrecoveredfrom
theICA processingandtesttheHOSdirectly. Someresults
areshown in Fig. 1, whereit canbenotedthattherequired
inputsignalsarereadilydiscerned.Examinationof thenor-
malizedcrosscumulantsshows that the dependentinputs
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have markedlyhighervaluesthanthosewhich areindepen-
dentof theoutput è é

It is especiallyinterestingto observe thatthedependence
is notalwaysobviouswith thesecondorderstatisticsfor ex-
ample,but thehigherordercumulantsserve a role in iden-
tifying all therequiredinputs.
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Figure1: Input variableselectionExperiment1 results:(a)
withoutusingICA theselectedsignalsareincorrect,(b) us-
ing ICA therequiredinputs2,6and9 arecorrectlyselected.

3.2 Example 2

Supposewe observe a multivariate time series ê
ë ì í)îï ð�ñ ë ì í�é é é ð ò ë ì í ó consistingof dependentvariablesô ð õ ë ì í ö ,
andan output è ë ì í from a systemto be identified. For the
purposesof thisexample,suppose÷Jî�ø ù andtheoutputis
theresultof a functionalmodelgivenbyè ë ì í
î�ú
û
ë ü ý ë ì í þ ü ÿ ë ì��;ù í þ ü � ë ì��Çø ø í í é (14)

where ú
û ë ��þ � þ � í is definedin thisexample,asèKî`ë � ��� ø é � í 	
��� �
�ë � � ��� é ù í ý ��� � �Çë � é ù ����� é � í 	
� ø é � �����
Theinput dependenciesin ê arisedueto sometruesignals
� ë ì í
î ï ü ñ ë ì í�é é é ü ò ë ì í ó becomingmixed,accordingto

� î���ê é (15)

The resultsfrom this experimentareobserved in Fig. 2
wherethenecessaryinpts to themodelareeasilyselected.
Althoughnot shown here,whenICA is not used,all inputs
wereidentifiedin this caseasbeingrequired.Thus,theal-
gorithmsuccessfullyidentifiedjust theinputsrequiredfrom
themeasureddata.

4 Conclusions

To effectively model and predict multivariatetime series
datait is importantto useonly inputsactuallyrequiredand
remove thoseinputsnot required. If unrequiredinputsare
usedsignificantproblemscanoccur, especiallyin problems
of high input dimensionality. Invariably it will be consid-
erablymoredifficult to estimatea givenmodelandtheac-
curacy of themodelwill alsosuffer. Computationalburden
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Figure 2: Resultsfor Experiment2 on input variablese-
lection. Here the cumulantsare shown after thresholding
accordingto the testdescribedin the text. Shown arethe
thresholdedcumulants� � � ë � í , � � � � ë � þ � í , �;î ø þ é é é þ � re-
spectively.

will alsobeincreaseddramaticallydueto theincreaseddif-
ficulty in learning.Theproblemof input variableselection
normally assumesthat it is possibleto selectthe required
optimalsetof inputsdirectly from thesetof measureddata.
Howeverweshowedthatthisassumptionis easilyviolated.
Whenthis occurs,overestimationof the numberof inputs
canoccur.

In this paper, we proposeda new methodfor perform-
ing input variableselectionwhich helpsto solve theabove
problem. The methodis basedon the recentlyintroduced
methodof independentcomponentanalysis.This approach
permitsa relatively straightforwardstatisticaltestto bede-
rivedfor modelfreeinputvariableselection.Weappliedthe
proposedalgorithmto someexampleswhich showedthatit
is capableof successfullyisolating the inputs requiredto
a model,even whenthe measureddataitself is mixed and
wouldnormallyleadto overestimatingthenumberof inputs
required.It is apparentthat ICA providesa usefultool for
accuratelyestimatingthe inputsrequiredin building com-
plex models.
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