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Abstract

Theproblemof inputvariable selectionis well knownin the
task of modelingreal world data. In this paper we pro-

posea novelmodel-feealgorithmfor input variable selec-
tion usingindependentomponengnalysisand higher or-

der crossstatistics. Experimentalresultsare given which

indicate that the methodis capableof giving reliable per-

formanceand that it outperformsother appradeswhen
theinputsare dependent.

1 Introduction

In mary realworld modelingproblems for examplein the
contet of biomedicaljndustrial,or environmentakystems,
a problemcanoccurwhendevelopingmultivariatemodels
andthe bestsetof inputsto usearenot known. Input vari-
able selection(IVS) is aimedat determiningwhich input
variablesarerequiredfor a model. Theis taskis to deter
mine a setof inputswhichwill leadto anoptimalmodelin
somesense.Problemswhich canoccurdueto poorselec-
tion of inputsincludethefollowing:

¢ As the input dimensionalityincreasesthe computa-
tional complity and memory requirementsof the
modelincrease.

o Learningis moredifficult with unrequirednputs.

¢ Misconvemgenceand poor modelaccurag may result
from additionalunrequirednputs.

¢ Understandingcomple« models more difficult than
simplemodelswhich give comparableesults.

Methodsof input variable selectioncan be cateyorized
into model-basedand model-fee methods[1]. Model-
basedmethoddypically involve selectinga model,choos-
ing theinputsto use,optimizing the parametersandthen
measuringsomecostfunction. Theinputsarechangecdand
then the procedureis repeated. A testis usedto choose
which inputs to use basedon theseresults. Model-free

methodsarebasedon performinga statisticaltestbetween
the subsetf input variable(s)andthe desiredoutput(s)
from themodel.

For n possibleinput variablesit is necessaryo testall
possible2™ — 1 subsetf inputsin orderto determinethe
optimal subsef1]. Henceefficient algorithmsare of vital
importanceas are ary methodswhich may overcomethe
scalingproblem. In the following sectionswe describean
algorithmfor selectinginput variableswhich offers some
adwantage®ver previousapproaches.

2 An ICA Input Variable Selection
Algorithm

2.1 Assumptions

The usuallVS problemcan be describedmathematically
asfollows. A system/, recevesinput from the variables
x(t) = [#1(t) - - - x,(t)] andproducesanoutputy(t) :

1)

It is assumedhesystem/’, canbeapproximatedrbitrarily
well by a linear or nonlinearfunctionalmap. To estimate
F,, measurements(t) = [21(t) - - z,(t)] aretakenwith

theassumptiorthat

x(t) C=(t). ()

The usualmodel building approachs to apply an input
variableselectionprocedurgo obtaina setof modelinputs
z4(t) C z(t) whereideally z,(t) = x(t). Hencea model
canbewrittenas

y(t) (3)

where/' is afunctionalmapparametrizedy 6.

F(z4(t);0)

However, the assumptionsndicatedabore canbe quite
significantandit is likely thatthe measuredmentskenare
notastrict supersebf inputsto theactualsystem.We may



obsene datawhich hasbeenfiltered in somemanney rel-
ative to the true inputs. Considera simple filtering of the
measurednultivariatedata:

z=A(2)x;, , 4)
wherex(t) C xr(t) and A(z) is a multivariatefilter.
Eachmeasurederm z; can be the result of the weighted
anddelayedsumof x; A simplervariationto consideris
whenthefilters arefirst orderonly, giving
z = Axp (5)
wherein this caseA is asmixture matrix containingscalar
termsonly. Notethatin this situation,theredoesnot exist
ary subsetz,(t) C z(t) suchthatz,(t) = x(t). Clearlya
differentapproacthis requiredor elseary input variablese-
lectionmethodwill fail by overestimatinghenumberof in-
putsrequired.Whatis requireds analgorithmwhichwould
permitthereversetransformatiorbeforethe VS procedure
is applied:

Wgz
GXL

(6)
(7)

XL

whereW = A~! is the inverseof the assumednixture
matrix and G is a sparsematrix which selectsthe desired
subsetof inputsto the model. To go further with this ap-
proachrequireseithera priori knowledgeof A or someal-
gorithmto estimateA andhenceWw.

Recently afamily of mathematicatechniqueknown as
independentomponentainalysis(ICA) hasbeenshavn to
give exactly thesolutionto thistype of problemundersome
assumption§2]. Theaim of ICA is to useanalgorithmap-
plied only to measurednultivariatedataand,basedon the
assumptiorof eithertemporalor spatialindependencef
the channels estimatea demixing matrix to give outputs
which meetthe specifiedcriteria. A commonapproachs

to assumehe input channelsare statisticallyindependent.

Then an algorithm basedon estimatingthe mutual infor-
mationbetweenthe inputs permitsthe estimationof W to
give outputswhich are maximally independent.We con-
siderthis approachurther asa meansof providing anim-
proved methodof input variableselection.

2.2 A Statistical Test

In this paperwe proposeto uselCA to maketheinputvari-
ablesasmutuallyindependenaspossible Moroever, using
ICA allows us to derive model-freelVS algorithmsbased
on statisticaldependenceests.In the following sectionwe
examinetheuseof ICA in theproblemof inputvariablese-
lection. The basicstratgy we suggests to apply ICA to
estimatetheindependeninputss from x andthenderive a

statisticaltestto determinethe desiredsubsebf input vari-
abless,.

Oneapproacho determiningstatisticaldependences to
use of mutual information betweentwo signalsz and y,
givenby

I(x;y) = /p(l‘,y) log p]()(xi’y)dxdy (8)

2)p(y)
This is alsoknown asthe cross-entropyor the Kullback-
Leibler divergencebetweerthe joint pdf of (z, y) givenby
p(z, y) andthe productof the maginal pdfsp(z), p(y). It
may beimplementedy estimatingthe pdfsin termsof the
cumulantsof the signals.

Sincewe only requirearelatively simplebinarydecision
to be madeaboutthe dependencer otherwiseof signals,it
is not necessaryo computea precisevaluefor the mutual
information. Instead the higherordercrosscumulants of
multiple variablescanbe useddirectly up to somesuitable
order to determinghestatisticaldependencef thesignals.

2.3 ThelCAIVSAlgorithm

The particular VS testwe proposeis basedon using all
possiblecrosscumulantsup to a specifiedorderamongthe
individualterms.This statisticalmeasureanbeusedto es-
tablishtheindependencer otherwiseof non-Gaussiasig-
nals. Thesecumulantsaredefinedas

T
Coy(h) = leary(k), ... coy(k)]
T
Cary(k) = [eary (k). . comy (K)
T
Coroay(k) = [coroay(k), ) Corooy (k)]
T
Cxpxgy(k) = {Cx’fxgy(k)a "acx’l’x;’y(k)}
T
Cx’l’ xiy(k) = |:Cx’1’ xiy(k)a acx’l’..xiy(k)}

wherethe crosscumulantvectorsare betweenthe inputs
xy, s, ..., ¢, attimet — k andthe outputy. For corve-
nience,we will usethe notationC,, (k) = Cy, 5,4 (k).
Thereare two broad casesthat can be consideredat this
point:

1. Modelswith only instantaneouiputs.In this casewe
useC,, (0).

INote that althougha truncatedexpansioris often used,to approxi-
matethe pdf exactlycould requireaninfinite numberof terms. The usual
difficultiesof approximatingwith polynomialsapplyin this casealso[3].

2In contrastto the often quotedfirst order crosscumulantmeasure
Cxyan (715 .., Tn), Of n variablesor themth ordercumulantof asin-
gle variable. Sincewe areseekingto determinethe statisticaldependence
betweervariablesnotjustthecorrelationbetweervariablesijt is necessary
to usehigherordercrosscumulants.



2. Modelswith delayedinputs. Herewe testinput vari- Thetestis appliedacrossall subset®of inputs,howeverin
able{z;(t—k)} ¥ = 0,....,p, ¢ = 1,...,n against theequationsabore, only oneinputis actuallyshavn.
the systemoutputy(¢), by examiningthepointsin the
cross-cumulanspacegiven by elementsof the vector . .
Cy (k). P 2.4 Computational Complexity
Our aim is to combinevariouscumulantmeasurements For a crosscumulantbetweery variables,we needto test
andtherebyapply a decisionfunctionto determinetherel- for all ordersof cumulantsup to the secondpower, which
ative dependenc@f eachinput subseton the model out- will be 2P tests.For n input variables this Implles testing
put(s). To do this, it is usefulto normalizé eachof thecu- all possiblesubsetsipto thesetof n variableswhich leads
mulantsin orderto compareandcombinethemin areason- t0 atotalnumberof testsgivenby

ablemanner Hence we applythefollowing normalization
stepsto the cumulants:

1. Zeromeansignals:z; = «; — E[a;]

2. For cumulantsusing secondand higher even order
terms,normalizeas: z?" = " — E[z?"] ...
1,2,..

n =

3. Bipolarizedata:z; = |§—|
4. Renormalizeindividual cumulants. Assuming per
fectly correlateddata,we may usethe normalization:
Doingthesenormalizationswill allow usto combinevari-
ouscumulantestimatorgor thedecisionfunction. A simple
testfor dependenceanbe obtainedasfollows.

For eachcross-cumulanstatistic,determinethe average
level of dependencenplied by the magnitudeof the statis-
tic. Comparesachinputin turnto this average.Theinputs
which aresignificantlydifferentfrom the averagevalueare
candidatedor inputsto the model. Thatis, for ICA trans-
formedinputsz; ¢ = 1, .., n, consideringhe subsetf in-

puts,x = [931,...,xn,xlxzxg,...,x1~~~xn]T wherex; is
the jth elementof x, Hencewe obtaintherule:

L Gk (k) - |
Suy(ik) = B[S 1C6R)] > Kay(i k) (9)

0 otherwise

Szy(k)®
%(1,k Scay(k 1
Xa(i, k) = X0 ( Smygkgaa )zk ’ o
0 otherwise 7

whereC,y; (7, k) is the ¢ th elementof C,, (7, k) at time
t — k and K, (i, k) is athresholdvaluechosento suitthe

level of precisionrequiredin determiningtheindependence

of thesignals choserfor eachsubset.Thevaluesof K, is
problemdependenandis choseraccordingo how thelevel

of dependencéhat canbetoleratedbetweerthe measured

variables.

Thisrule meanghatif ary of thecrosscumulantgor ary
giveninput subsetareabove a setthresholdevel, that par
ticular input subsets deemedo berequiredfor the model.

3Forexamplecorrelatiorfunctionsnormalizedto amaximumvalueof
1 areindependenbf the actualmagnitudescalingof the input variables.
Similarly, wewouldlike to normalizethecumulantssuchthatthe cumulant
sliceswill notchangef theinputvariablesarescaledn asimilarmanner

Np = (11)

(12)

While thetestscalegpoorly, in practice we maynotneed
to testall possiblecombinationf inputsto establishcon-
clusively whethera variableis requiredor not. Low order
termscanbetestednitially andthemhigherorders.

Remarks

1. PCAis often usedto selectinputs, but this is not al-
waysuseful,sincethe varianceof a signalis not nec-
essarilyrelatedto theimportanceof the variable. The
featureselectednayhave nothingto dowith theprob-
lem.

2. In contrastto the useof PCA for input variableselec-
tion [4, 5], the variableswe remove are thosewhich
areindependentf the output,which is quite different
from remaving thosewith low variance.

3. Spuriouscorrelationsor dependenciesnay exist be-
tween unrelatedvariablesand hence could lead to
falselyincludedinputs,eg: generatedyy coupledsys-
tems.

3 Simulation Examples

3.1 Examplel

In this example,we shawv the effect of using higherorder
crosscumulantsaasa meanof detectingdependencamong
variables.Here 15 mutuallyindependenbinaryiid signals
weregeneratedThreesignals,z,, s andzy wereusedas
inputsto a systemwith outputy. The nonlinearmodelis
describedy

y = a3 + cos (x6) + 0.3 sin (zg) (13)
We assumeéhatthe measurediatahasbeenrecoreredfrom
thelCA processin@ndtestthe HOSdirectly. Someresults
areshavnin Fig. 1, whereit canbe notedthattherequired
input signalsarereadily discerned Examinationof the nor-
malized crosscumulantsshows that the dependentnputs



have markedlyhighervaluesthanthosewhich areindepen-
dentof theoutputy.

It is especiallyinterestingto obsenre thatthe dependence
is notalwaysobviouswith thesecondrderstatisticsor ex-
ample,but the higherordercumulantssene arole in iden-
tifying all therequiredinputs.
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Figurel: InputvariableselectionExperimentl results:(a)
withoutusinglCA theselectedsignalsareincorrect,(b) us-
ing ICA therequiredinputs2,6and9 arecorrectlyselected.
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3.2 Example?2

Supposewe obsere a multivariate time seriesx(t)
[#1(1) .. .2, (t)] consistingof dependentariables{x;(t)},
andanoutputy(t) from a systemto be identified. For the
purpose®f this example,suppose: = 15 andtheoutputis
theresultof afunctionalmodelgivenby

y(t) = Fo (va(t), v7(t — 5),v9(t — 11))

whereF,(a, b, ¢) is definedin this example,as

(14)

(2a — 1.6)% — 2a +
(3b — 3.5)* — 3b — (0.5c — 0.8)% — 1.2¢ + 4

y

Theinput dependenciei x arisedueto sometrue signals
v(t) = [v1(?) . .. vy (t)] becomingmixed,accordingto

v =Ax (15)

The resultsfrom this experimentare obsenedin Fig. 2
wherethe necessannptsto the modelareeasilyselected.
Althoughnot shavn here,whenICA is notused,all inputs
wereidentifiedin this caseasbeingrequired.Thus,theal-
gorithmsuccessfullydentifiedjusttheinputsrequiredfrom
themeasurediata.

4 Conclusions

To effectively model and predict multivariatetime series
datait is importantto useonly inputsactuallyrequiredand
remove thoseinputsnot required. If unrequirednputsare
usedsignificantproblemscanoccur especiallyin problems
of high input dimensionality Invariablyit will be consid-
erablymoredifficult to estimatea givenmodelandtheac-
curay of themodelwill alsosuffer. Computationaburden
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Figure 2: Resultsfor Experiment2 on input variable se-
lection. Herethe cumulantsare shavn after thresholding
accordingto the testdescribedn the text. Showvn arethe
thresholdeccumulantsc,y (&), cery (0, k), & = 1,...,p re-
spectvely.

will alsobeincreasediramaticallydueto theincreaseadif-

ficulty in learning. The problemof input variableselection
normally assumeghat it is possibleto selectthe required
optimalsetof inputsdirectly from the setof measurediata.
Howeverwe shavedthatthis assumptions easilyviolated.
Whenthis occurs,overestimatiorof the numberof inputs
canoccut

In this paper we proposeda new methodfor perform-
ing input variableselectionwhich helpsto solve the above
problem. The methodis basedon the recentlyintroduced
methodof independentomponentnalysis.This approach
permitsarelatively straightforwardstatisticaltestto be de-
rivedfor modelfreeinputvariableselection We appliedthe
proposedlgorithmto someexampleswhich shovedthatit
is capableof successfullyisolating the inputs requiredto
a model,even whenthe measurediataitself is mixed and
would normallyleadto overestimatinghenumberof inputs
required.It is apparenthat ICA providesa usefultool for
accuratelyestimatingthe inputsrequiredin building com-
plex models.
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